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Abstract
The interaction of the notivarg with an external Weyl current is dis-
cussed. The continuity equation for the Weyl current is obtained. The
canonical analysis of the theory of the notivarg interacting with the exter-
nal Weyl current is performed. The covariant propagator of the notivarg
is found.
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1 Introduction
The notion of the notivarg has been introduced by Deser, Siegel and Townsend
[1] as a parallel to the Ogievetsky-Polubarinov notoph [2]. The notivarg is a
scalar particle described by the gauge theory. The notivarg field is a twenty
component tensor Kµναβ with symmetries of the Riemann tensor. The La-
grangian density for the Deser-Siegel-Townsend theory of the free notivarg is
[1]
L0 = −1
2
(∂µK
µναβ∂αKνκβ
κ − 1
3
∂µK
µνα
ν∂αK
σλ
σλ). (1)
There exists another description of the notivarg [3,4] given by the Lagrangian
density
L0 = −(∂σKσναβ)2 + (∂σKσναν)2. (2)
The descriptions (1) and (2) are not connected by the point transformation
[3,4]. The notivarg theory based on the Lagrangian (2) has been investigated
with some details:
(i) the interaction of the notivarg with the external Weyl current has been
discussed in Ref. [5];
(ii) the canonical analysis of the free theory and the theory of the notivarg
interacting with the external Weyl current has been performed in Ref. [6];
(iii) the covariant form of the notivarg propagator has been fixed in Ref. [7].
In the present paper the similar program of investigations is performed for the
Deser-Siegel-Townsend notivarg. In Section 2 we obtain the conservation law
for the external Weyl current. In Section 3 we carry out the canonical analysis
of the theory. Its gauge invariance is discussed in Section 4. In Section 5 we
obtain the physical Lagrangian demonstrating the pure spin-0 content of the
theory. In Section 6 we fix the covariant form of the notivarg propagator.
2 Interaction with external Weyl current
Let us discuss the notivarg theory in the Deser-Siegel-Townsend description.We
take into account the interaction of the notivarg with an external Weyl current
jµναβ . The action integral has the form
I =
∫
d4x(L0 + Lint) =
∫
d4xL, (3)
where the free Lagrangian density L0 is given by Eq. (1) and the interaction
term is
Lint = 1
4
jµναβK
µναβ =
1
4
jµναβC
µναβ . (4)
The 20-component field Kµναβ has the symmetry of the Riemann tensor, i.e.
Kµναβ = −Kνµαβ = Kαβµν , εµναβKµναβ = 0;
2
the 10-component current jµναβ has the symmetry of the Weyl tensor, i.e. it is
the Riemann tensor with jµναν = 0 . C
µναβ is the Weyl part of Kµναβ (see
Appendix I).
The free part of the action
I0 =
∫
d4xL0 (5)
is invariant under the following gauge transformations
δKµναβ = [εµνλη∂
λ(∂αωηβ − ∂βωηα) + εαβλη∂λ(∂µωην − ∂νωηµ)] +
− 1
3
εµναβ(✷ωλλ − ∂λ∂ηωλη); (6)
δKµναβ = gµα(∂νηβ + ∂βην) + gνβ(∂µηα + ∂αηµ)− gµβ(∂νηα + ∂αην) +
− gνα(∂µηβ + ∂βηµ)− 2(gµαgνβ − gµβgνα)∂σησ, (7)
where the gauge tensor ωαβ is symmetric ωαβ = ωβα. Not all components of
ωαβ act effecively because the transformation (6) is invariant under
δωαβ = ∂αλβ + ∂βλα
where λα is an arbitrary vector. We note that the transformation (6) varies
some components of the Weyl part of Kµναβ , and the transformation (7) varies
some components of the other parts of the field Kµναβ . The action integral
describing the interaction with the external Weyl current
Iint =
∫
d4xLint (8)
is invariant under the gauge transformation (6) if the source obeys the following
condition
εαλµν∂λ∂σj
σβ
µν = 0 (9)
where the dual properties of the Weyl tensor are taken into account. Using the
decomposition of the Weyl tensor (see Appendix II)
jµναβ = (λij , σij)
we can rewrite the conservation law (9) in the form
∂i∂jσ
ij = 0,
∂0σi + εikp∂kλp = 0,
[(∂0)
2
+∆]σij + ∂iσj + ∂jσi + ∂0[εikp∂kλ
j
p + ε
jkp∂kλ
i
p] = 0,
(10)
where
σi ≡ ∂jσji, λi ≡ ∂jλji.
3
In the helicity components (see Appendix IV) we get
σL = 0,
∂0σiT + ε
ikp∂kλTp = 0,
[(∂0)
2
+∆]σij(±2) + ∂0[εikp∂kλjp(±2) + εjkp∂kλip(±2)] = 0.
(11)
The conservation law (9) can be obtained as well from the field equation fol-
lowing from the variational principle δI = 0. We do not write down this field
equation. For futher aim we write the field equation in the covariant gauge
Kµνµν = 0,
∂µK
µνα
ν = 0, (12)
∂µK
µναβ = −1
2
(∂αKµνµ
β − ∂βKµνµα)
It has the following form
✷Cµναβ = 4jµναβ (13)
We note that the gauge conditions (12) lead to
εαλµν∂λ∂σC
σβ
µν = 0. (14)
So, the current conservation law (9) follows from Eq. (13).
3 Canonical analysis
Using the decomposition of the Weyl tensor (see Appendix II)
jµναβ =
(
λij , σij
)
and the Riemann tensor (see Appendix III)
Kµναβ =
(
T ij , Rij , Sij , Ai, T, R
)
we can rewrite the action (3) in the component form. After some integrations by
parts we remove the velocities ∂0Ai, ∂0Sij and ∂0R from the action. Performing
the Legendre transformation we obtain
I =
∫
d4x(P ij∂0Tij +Π
ij∂0Rij + P∂
0T −Hc), (15)
where the canonical momenta are
Pms ≡ ∂L
∂∂0Tms
= −
{
∂0Tms +
1
2
∂0Rms +
3
2
(∂sAm + ∂mAs)+
−gms∂kAk − 1
2
[εmnp∂nS
s
p + ε
snp∂nS
m
p ]
}
,
4
Πms ≡ ∂L
∂∂0Rms
= −
{
1
2
∂0Tms +
1
2
(∂sAm + ∂mAs)− 1
3
gms∂kA
k +
−1
2
[εmnp∂nS
s
p + ε
snp∂nS
m
p ]
}
, (16)
P ≡ ∂L
∂∂0T
=
1
3
∂0T − 4
3
∂kA
k,
and the canonical Hamiltonian density is
Hc = 2(Πij)2 − 2ΠijP ij + 3
2
P 2 +
1
6
T i∂iT +
1
18
(∂iT )2 +
1
2
(∂kRij)2 +
+
1
2
∂kRij∂kTij − (Ri)2 −RiTi − 1
6
Ri∂iT − λij(T ij −Rij) +
+ 2(P i +Πi − 2∂iP )Ai − (1
9
∆T − 1
12
∂iR
i − 1
4
∂iT
i)R+
+ 2[εpnm∂n(P
s
m −Πsm) + σps]Sps, (17)
where the following abbreviations are introduced
T i ≡ ∂jT ji, Ri ≡ ∂jRji,P i ≡ ∂jP ji, Πi ≡ ∂jΠji. The momenta conjugated
to Ai, Sij and R vanish because the Lagrangian density is independent of the
corresponding velocities
piA ≡
∂L
∂∂0Ai
= 0, pijS ≡
∂L
∂∂0Sij
= 0, pR ≡ ∂L
∂∂0R
= 0.
So, there are the following primary constraints
Φi(1) = p
i
A, Φ
ij
(2) = p
ij
S , Φ(3) = pR. (18)
We introduce the total Hamiltonian [8]
Htot =
∫
d3x(Hc + λiΦi(1) + λijΦij(2) + λΦ(3)), (19)
where λi, λij and λ are Lagrange multipliers. The dynamics is expressed by
∂0a = {a,Htot}Φ(1)=Φ(2)=Φ(3)=0 , (20)
where {. . . , . . .} is the Poisson bracket and a is a function of dynamical variables.
The theory is consistent if constraints hold for all times. This leads to the
secondary constraints:
Φi(4) = P
i +Πi − 2∂iP,
Φij(5) =
[
εinp∂n
(
P jp −Πjp
)
+ εjnp∂n
(
P ip −Πip
)]
+ 2σij ,
Φ(6) = ∆T −
3
4
∂iR
i − 9
4
∂iT
i, (21)
Φij(7) = ε
inm∂n
[
∆
(
T jm +R
j
m
)
+ ∂j (Tm +Rm)
]
+
+ εjnm∂n
[
∆
(
T im +R
i
m
)
+ ∂i (Tm +Rm)
]
+
+ 4
[
∂0σij + εinm∂nλ
j
m + ε
jnm∂nλ
i
m
]
,
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where the conservation law (9) is taken into account. We note that
Φij(5) = Φ
ij
(5)(±2) + Φij(5)(±1),
Φij(7) = Φ
ij
(7)(±2), (22)
because ∂i∂jΦ
ij
(5) = 0 and ∂jΦ
ij
(7) = 0. The dynamics of the constraints is
∂0Φi(1) = −2Φi(4),
∂0Φij(2) = −Φij(5),
∂0Φ(3) =
1
9
Φ(6),
∂0Φi(4) =
2
9
∂iΦ(6),
∂0Φ(6) =
3
2
∂iΦ
i
(4), (23)
∂0Φij(5) =
1
2
Φij(7),
∂0Φij(7) = −2(∆Φij(5) + ∂i∂kΦkj(5) + ∂j∂kΦki(5)).
Because the constraints can be added to Hamiltonian [9] , we construct the new
Hamiltonian density
Hnew = H0 + V (4)i Φi(4) + V (5)ij Φij(5) + V (6)Φ(6) + V
(7)
ij Φ
ij
(7), (24)
where V
(4)
i , V
(5)
ij , V
(6) and V
(7)
ij are the Lagrange multipliers, and H0 has the
following form
H0 = 2(Πij)2 − 2ΠijP ij + 3
2
P 2 +
1
6
T i∂iT +
+
1
18
(∂iT )
2
+
1
2
(∂kRij)
2
+
1
2
∂kRij∂kTij + (25)
− (Ri)2 −RiTi − 1
6
Ri∂iT − λij(T ij − Rij).
We observe that the variables Ai, Sij and R disappear in the new description.
Let us note that according to (22) we have (see Appendix IV)
V
(5)
ij = V
(5)
ij (±2) + V (5)ij (±1),
V
(7)
ij = V
(7)
(ij)(±2).
The Hamiltonian densityHnew is derivable [10] from the phase-space Lagrangian
density
Lnew = Pij∂0T ij +Πij∂0Rij + P∂0T −Hnew, (26)
6
where the Lagrangian multipliers V
(4)
i , V
(5)
ij , V
(6) and V
(7)
(ij) are treated as dy-
namical variables. So, passing to the canonical formalism, we find the primary
constraints
πi(4) = 0, π
ij
(5) = 0, π(6) = 0, π
ij
(7) = 0, (27)
where πi(4), π
ij
(5), π(6) and π
ij
(7) are the canonical momenta conjugated to V
(4)
i ,
V
(5)
ij , V
(6) and V
(7)
ij respectively. Thus the new total Hamiltonian is
Hnewtot =
∫
d3x(Hnew + λ(4)i πi(4)) + λ(5)ij πij(5) + λ(6)π(6) + λ
(7)
ij π
ij
(7)), (28)
where λ′s are the Lagrange multipliers. The dynamics is expressed by
∂0a = {a,Hnewtot }pi=0 . (29)
In particular we have
∂0πi(4) = −Φi(4), ∂0πij(5) = −Φij(5),
∂0π(6) = −Φ(6), ∂0πij(7) = −Φij(7). (30)
The time derivatives of Φ(4), Φ(5), Φ(6) and Φ(7) are given by Eqs. (23).
4 Gauge transformations
Let us discuss the gauge transformations of the free notivarg theory described
by the action integral
Ifree =
∫
d4xLnewfree, (31)
where Lnewfree is obtained from Lnew putting λij = σij = 0. In this limit the
constraints are
Φi(4) = P
i +Πi − 2∂iP,
Φij(5) = ε
inp∂n(P
j
p −Πjp) + εjnp∂n(P ip −Πip),
Φ(6) = ∆T −
3
4
∂iR
i − 9
4
∂iT
i, (32)
Φij(7) = ε
inm∂n[∆(T
j
m +R
j
m) + ∂
j(Tm +Rm)] +
+εjnm∂n[∆(T
i
m +R
i
m) + ∂
i(Tm +Rm)],
and they obey the relations{
Φ(a),Φ(b)
}
= 0, a, b = 4, 5, 6, 7.
7
So, we have the theory with the first class constraints.
The generator of the gauge transformations is
G =
∫
d3x
(
α
(4)
i π
i
(4) + α
(5)
ij π
ij
(5) + α
(6)π(6) + α
(7)
ij π
ij
(7) (33)
+η
(4)
i Φ
i
(4) + η
(5)
ij Φ
ij
(5) + η
(6)Φ(6) + η
(7)
ij Φ
ij
(7)
)
,
where α′s and η′s are gauge functions. They have the helicity structure as the
corresponding constraints. The generator (33) obeys the consistency condition
d
dt
G
∣∣∣∣
pi=0
= 0. (34)
Using Eq. (29) we obtain
α
(4)
i = ∂
0η
(4)
i −
3
2
∂iη
(6),
α(6) = ∂0η(6) − 2
9
∂iη
(4)
i , (35)
α
(5)
ij (±2) = ∂0η(5)ij (±2)− 2∆η(7)ij (±2),
α
(5)
ij (±1) = ∂0η(5)ij (±1),
α
(7)
ij = ∂
0η
(7)
ij +
1
2
η
(5)
ij (±2).
The gauge transformations are
δV
(4)
i ≡
{
V
(4)
i , G
}
= α
(4)
i ,
δV
(5)
ij = α
(5)
ij ,
δV (6) = α(6),
δV
(7)
ij = α
(7)
ij ,
δT = 2∂iη
(4)
i ,
δP = −∆η(6),
δT ij = −1
2
(
∂iη(4)j + ∂jη(4)i
)
+
1
3
gij∂kη
(4)
k +
+ εinm∂nη
(5)j
m + ε
jnm∂nη
(5)i
m , (36)
δRij = −1
2
(
∂iη(4)j + ∂jη(4)i
)
+
1
3
gij∂kη
(4)
k +
−
[
εinm∂nη
(5)j
m + ε
jnm∂nη
(5)i
m
]
,
δP ij =
9
4
(
∂i∂j +
1
3
gij∆
)
η(6) −∆
[
εinm∂nη
(7)j
m + ε
jnm∂nη
(7)i
m
]
,
δΠij =
3
4
(
∂i∂j +
1
3
gij∆
)
η(6) −∆
[
εinm∂nη
(7)j
m + ε
jnm∂nη
(7)i
m
]
.
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In Appendix V we impose the noncovariant conditions to remove completely
the gauge freedom.
Using the conservation law of the current (9) we can verify that the action
I =
∫
d4xLnew (37)
is invariant under the gauge transformations (36).
5 Physical Lagrangian
Solving the constraints (21) we obtain
from Φ(4) = 0:
PL +ΠL + 2P = 0,
P iT +Π
i
T = 0,
from Φ(5) = 0:
P iT −ΠiT =
2
∆
εikp∂kσTp,
P ij(±2)−Πij(±2) = 1
2∆
[
εikp∂kσ
j
p(±2) + εjkp∂kσip(±2)
]
, (38)
from Φ(6) = 0:
T − 9
4
TL − 3
4
RL = 0,
from Φ(7) = 0:
T ij(±2) +Rij(±2) = 1
∆2
∂0[εikp∂kσ
j
p(±2) + εjkp∂kσip(±2)]−
4
∆
λij(±2).
Inserting these solutions to the action (37) we get
I =
∫
d4xLphys, (39)
where
Lphys = p∂0ϕ−Hfree −Hint (40)
and
(p, ϕ) =
(√
3
2
(PL − 3ΠL),
√
3
4
(TL −RL)
)
, (41)
or other 8 pairs that can be obtained from (41) using the constraints:
PL +ΠL + 2P = 0, and T − 9
4
TL − 3
4
RL = 0.
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The free Hamiltonian density is
Hfree = 1
2
p2 − 1
2
(∂iϕ)
2
(42)
and the interacting one is
Hint = −2
√
3λLϕ+ 4λij(±2) 1
∆
λij(±2) + (43)
+ (∂0σij(±2)) 1
∆2
(∂0σij(±2))− 3σij(±2) 1
∆
σij(±2)− 8σiT
1
∆2
σTi.
In the momentum space we get
Hint = −2
√
3λL(−k)ϕ(k) + k2(k0)−2| ~k |
−2
σij(±2,−k)σij(±2, k) +
+ 8| ~k |−4σiT (−k)σTi(k). (44)
6 Notivarg propagator
Let us consider the exchange of the notivarg between two external currents. The
genaral structure of the amplitude describing the process in the second order of
the perturbation theory is [7]
A = −
(
a
k2
jµναβ(−k)jµναβ(k) + b
k4
kµj
µναβ(−k)kσjσναβ +
+
c
k6
kµkαj
µναβ(−k)kσkκjσνκβ(k)
)
, (45)
where a, b, c are number factors. Due to the conservation law (9) we have
kµkαj
µναβkσkκjσνκβ =
1
2
k2kµj
µναβkσjσναβ .
Using the following identity for the Weyl tensor
jµναβjσναβ =
1
4
δµσj
κναβjκναβ
we observe only the first term in Eq. (45) is independent. Assuming the following
form of the notivarg propagator
Dµναβ,σλγδ(k) = −1
8
1
k2
(gµσgνλgαγgβδ + gµλgνσgαδgβσ +
+ gµγgνδgασgβλ + gµδgνγgαλgβσ − gµλgνσgαγgβδ +
− gµσgνλgαδgβγ − gµγgνδgαλgβσ − gµδgνγgασgβλ) (46)
we obtain the amplitude
A = −jµναβ(−k)Dµναβ,σλγδ(k)jσλγδ(k) (47)
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The number factor a = 1 follows from Eqs (4), (13), and (46)
1
4
jµναβCµναβ → 1
4
jµναβDµναβ,σλγδ
(
4jσλγδ
)
.
Using the current conservation law (11) we obtain
A = 12λL(−k)λL(k)
k2
+ 2k2(k0)
−2| ~k |−2σij(±2,−k)σij(±2, k) + (48)
+ 16| ~k |−4σiT (−k)σTi(k).
We note that the amplitude of the current - current interaction via one notivarg
exchange can be calculated with the help of the Hamiltonian (44) using standard
methods of the S - matrix formalism [11]. Following this way we get exactly the
amplitude (48). So, the form (46) of the notivarg propagator is confirmed.
7 Final remarks
We finish with the following remarks:
(i) substituting λ → 1
2
√
2
σ, σ → − 1
2
√
2
λ (see Appendix II) in Eq. (43) we get
the physical Hamiltonian in the notivarg theory based on the Lagrangian (2)
(see Refs [6,7]);
(ii) in the Deser-Siegel-Townsend description the scalar field is not necessarily a
component of the Weyl tensor. So, we can expect the notivarg interacting with
other parts of the external Riemann current, not only with the Weyl one.
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Appendix I
The decomposition of the Riemann tensor Kµναβ in the irreducible Lorentz
parts is:
Kµναβ = Cµναβ + Eµναβ +Gµναβ ,
where Cµναβ is the Weyl tensor and
Eµναβ =
1
2
(gµαKνβ + gνβKµα − gµβKνα − gναKµβ) +
− 1
4
(gµαgνβ − gµβgνα)K,
Gµναβ =
1
12
(gµαgνβ − gµβgνα)K,
Kµα ≡ Kµναν , K ≡ Kµµ .
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The dual property of the Weyl tensor reads
εµνσλC
σλαβ = εαβσλC
µνσλ.
Appendix II
Let us consider the Weyl tensor jµναβ . We introduce the new variables
λij = λji, λii = 0, σ
ij = σji, σii = 0
defined by
j0i0j = λij ,
j0ijk = εjkpσip,
jijkl = − (gikλjl + gjlλik − gilλjk − gjkλil) .
So, we get the following decomposition of the Weyl tensor
jµναβ =
(
λij , σij
)
.
The dual transformation
jµναβ → 1
2
εµνσλj
σλαβ
in the component form is
λij → −σij , σij → λij .
Appendix III
Let us consider the Riemann tensor Kµναβ . We introduce the new variables
T ij = T ji, T ii = 0, R
ij = Rji, Rii = 0,
Sij = Sji, Sii = 0, A
i, T, R
defined by
K0i0j = T ij +
1
3
gijT,
K0ijk = εjkpSip + g
ijAk − gikAj ,
Kijmn = gimRjn + gjnRim − ginRjm − gjmRin +
+
1
6
(gimgjn − gingjm)R.
So, we get the following decomposition of the Riemann tensor
Kµναβ = (T ij , Rij , Sij , Ai, T, R).
12
Appendix IV
The well known decomposition of a vector into transversal and longitudinal
parts is
V i = V iT + V
i
L
where
V iT = V
i +
1
∆
∂i∂jV
j ,
V iL = −
1
∆
∂i∂jV
j ,
∆ = −∂i∂i.
The analogous decomposition of a symmetric traceless tensor aij is
aij = aij(±2) + aij(±1) + aij(0)
where
aij(±1) = − 1
∆
(∂iajT + ∂
jaiT ),
aij(0) =
3
2
(
1
∆
∂i∂j +
1
3
gij)aL,
aiT = a
i +
1
∆
∂i∂ja
j ,
aL =
1
∆
∂ia
i,
ai = ∂ja
ji.
Appendix V
The gauge transformations (36) in the component form are
δT ij(±2) = −δRij(±2) = εikp∂kη(5)jp (±2) + εjkp∂kη(5)ip (±2),
δT iT =
1
2
∆η
(4)i
T + ε
ikp∂kη
(5)
Tp ,
δRiT =
1
2
∆η
(4)i
T − εikp∂kη(5)Tp ,
δRL =
2
3
∆η
(4)
L ,
δTL =
2
3
∆η
(4)
L ,
δT = 2∆η
(4)
L ,
δP ij(±2) = δΠij(±2) = −∆
(
εikp∂kη
(7)j
p (±2) + εjkp∂kη(7)ip (±2)
)
,
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δP iT = δΠ
i
T = 0,
δPL =
3
2
∆η(6),
δΠL =
1
2
∆η(6),
δP = −∆η(6).
To remove completely the gauge freedom we impose the following noncovariant
conditions {χi}:
T ij(±2)−Rij(±2) = 0, T iT = RiT = 0,
P ij(±2) + Πij(±2) = 0, aT − 3
8
(3TL +RL) = 0,
P + a(PL +ΠL) = 0, a 6= 1
2
,
{χi, χj} = 0.
The constraints Φ′s and the gauge condition χ′s form the set of the second class
constraints.
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